Stat 579 Statistical Computing II Homework 4

Erik Barry Erhardt
May 5, 2006

All code can be found in the Appendix.

Exercise 1  Hardy- Weinberg Equilibrium with Newton-Raphson and Fisher
Scoring evaluations of the MLE for 6.

‘ Blood Type ‘
M(zy) MN(zy) N(z3) | Total (n)
Frequency | 342 500 187 1029

Multinomial Distribution

L(O) = Pr(X;=uz1,X; =22 X5=23)
n!
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(a) Derive the Muiltinomial log-likelihood, ¢(0).

o) = log(n!)—Zlog(wi!)

+ (221 + 22) log(1 — 0) + (x2 + 2x3) log(0) + (22) log(2)

(b) Derive the derivatives of the log-likelihood and the expected infor-
mation, £(0), £(0), 1(0) = E(—L((6)).
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X, ~ Bin(n,p;(0)) so E(X;) = np;(0), giving

I(0) = E(—ZZ”(@)) ,
r1+xT9 Ty + 213
- o(fg =

(1_0) 02
- 2p1(0) + pa(0) | pa(0) + 2p3(0)

- ( i-o7 = @ )

B 2(1—0)2+20(1—0) 20(1—0)+ 26?
- ( i-o7 @ >

1-0)+0 (1-0)+0
-0 = 0 )

(c) Likelihood equations, L(6|d).

21E1 + o To + 21‘3

0)=0 = T4 7
 2m0 — w00 + 2o(1 — 0) + 225(1 — 0)
- (1-6)8
0 = (—2x —x9 — 29 — 2x3)0 + 29 + 223
i - To + 223
221 + 229 + 273
500 + 2(187)

2(342) + 2(500) + 2(187)
— 0.424684159

(d) Matlab functions to evaluate functions in parts (a) and (b).
Four Matlab functions * multinomial hardyweinberg.m in the appendix.
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(e) Plot £(0), guess at MLE.
The plot in Figure 1 on page 4 suggests that the MLE is close to 8 = 0.42.

(f) Newton-Raphson for MLE.

Matlab function newton_raphson_hardyweinberg.m in the appendix.

Regardless of the starting value of 6 € (0,1), after a few iterations, the
MLE is decided at = 0.424684159.

(g) Fisher scoring for MLE.

Matlab function fisher_scoring hardyweinberg.m in the appendix.

Regardless of the starting value of 8 € (0, 1), after a single iteration, the
MLE is decided at § = 0.424684159.

(h) Compare NR and Fisher scoring methods.
Both methods converge quickly to the MLE, though Fisher’s scoring
method unconditionally converges in a single step.

(1) Sensitivity analysis.

The plot in Figure 2 on page 4 indicates that both Newton-Raphson
and Fisher’s scoring methods will converge to the correct solution for all
starting values. It indicates that Fisher’s scoring does converge in a single
step regardless of the initial value of 6.

(G) Summary.

It is remarkably easy to maximize a univariate likelihood function, and
to know when particular maximization methods will converge. This was a
great example.
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Figure 1: 4.1e log-likelihood ¢(6) nearly maximized at 6 = 0.42.
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Figure 2: 4.1i Next value of # in NR and FS iterative schemes.
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Exercise 2 FEzponential Regression. Y; ind Exp(u;)

Yi
E(y:) = i
f(yilpa)

= exp{fo + Bi(z; — )},

exp{Bo + f1(z; — 7)},

i1 M Hi
1 "~ i
- exp{ — —
[Tim =1 i
n n y
- Z 10g<,u1> - =

_ Z (log(exp{ﬁo + 5 ($z - j)}) +

-y (ﬁowl(:m ~7)+
=1

Yi

exp{fo + Bi(x; — z)}

exp{ B + Bi(z;i — 2)}
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(b) Derive the derivatives of the mean vector and log-likelihood and de-
rive the expected information.
Gereralize to arbitrary number of predictors.

/ME/M(@ = eXP{&';g}

— e$z‘151 eﬂﬁz‘zﬁz . exipﬂp

(b) 1. first partial of mean vector

Opi
i (g> = xijeﬂﬂﬂﬁl eTi2B2 | oTinPp
0B,
= Tij exp{;g;g}
= %Mz(@

(b) 2. first partial of log-likelihood

(u(B)ly) = —Z <log (B u%ﬁ))
— <log exp{ exp{x’ﬂ})

26+ yi exp{—zzéé})

n

> (e
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5 Tij + x5y exp{—2x; ﬁ})
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(b) 3. second partial of log-likelihood

POy o [ yi
96;08, OB {2% (Mﬁ) _1>}

_ a%k {é i (y exp{—zi3} - 1)}

— Z i (—xak)ys exp{—zi 8}

=1

= - Z l'ijl'iki
i1 1i(3)

(b) 4. Ezpected information

N S AN
_E<_ 93,0k > a E(;SBijka)

= E (Z TijTikYi eXP{_Qi;@}>

=1
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n
= E LijLik
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(c) Derive the matriz representations of the derivatives of the mean
vector and log-likelihood and the expected information, ﬁ(ﬂ) K(g), 18) =

E(—((3)).

(c) 1. first partial of log-likelihood

: ol
0= a@}
L px1

~ XD w@)(g—u@)

(c) 2. second partial of log-likelihood

) o
_f(é) = __aﬁjaﬁk]pxp

S Y,
— -; Tij L (g) xzk]

= |2Z/Dy)D (D)
— X'D(yD~ (u(3)X

pPXp

:|P><p

(c) 3. Ezpected information
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(d) [Iterative scheme via Newton-Raphson and Fisher Scoring.

(d) Newton-Raphson [terative scheme.

oA

ou+) = 9O —[{(0D))71¢(0D)  in general

g(i-i-l) _ () . [X/D(Q)D_l(,ui(g(i)))X]_IX/D_I(N(Q(i)))(Q _ M(g(i)))

ey

(d) Fisher’s Scoring [Iterative scheme.

out = 90 4 [I(H(i))]_lé(é(i)) in general
-+ (i41) NG - _ ; ;
= B+ XX]T'XD N (u(B))(y — u(3))

(e) Matlab function to compute the log-likelihood.
Matlab function log_likelihood exponential regression.m in the ap-
pendix.

(f) & (g) Matlab function to compute MLE of 3 using Newton-Raphson

and Fisher Scoring.
Matlab function mle_exponential regression.m in the appendix.

(h) Matlab script to read leukemia Survival data and fit the model using
both NR and FS.

Matlab script in the appendix. The MLE procedure for this particular
log-likelihood is sensitive to initial conditions since the solution converges
to a ridge, as discussed in (i). Using starting values for (5y,31) = (0,0)
the two methods both converge to approximately (8.4742, —1.1092) with a
log-likelihood value £ = —14770.

The plot in Figure 3 on page 10 shows the fitted exponential regression
overlayed on the original data. The curve fits very well.

Table 1 on page 10 gives a few examples of convergence. Starts around
(0, 0) converge to the same location giving Bl = —1.1092, but can be different
for BO, which us understandable given the discussion in part (i). For start-
ing values (10,10), Fisher’s method diverged immediately, while Newton-
Raphson converged quickly in 31 but was converging extremely slowly in [,
and stopped after 100 iterations.
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Figure 3: 2h. Plot of data points and fitted exponential regression.

N ﬁfo) Method | its ¢ step size Zz Bo By
0 2 F 5 -14770 1.0669 0.0040794 8.4778 -1.1093
0 2 N 85 -14770 1.9999  9.8951e-005 8.4767 -1.1091
0 0 F 3 -14770  0.18295 0.88936 7.5985 -1.1093
0 0 N 80 -14770 1.9999 0.00043815 8.4742 -1.1092
10 10 F 1 -Inf  -1.0001 4.2464e+027 | 4.0983e+027 -1.1117e+027
10 10 N 99 -14770 1.9999 0.11745 -34.767 -1.1097

Table 1: 2h
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(1) Sensitivity analysis.

The first three plots in Figure 4 on page 12 show the log-likelihood we’d
like to maximize as a function of (5, 31). The range in these plots is fy €
[—200 : 4 : 200],5, € [-5 : .1 : 5]. As with many log-likelihoods, there
is a very steep increase in one direction, then a slow decrease in the other
direction. We observe that the pair (5, 31) converge to the closest point
along the ridge in the plots. Convergence of both the Newton-Raphson and
Fisher’s scoring methods for obtaining the MLE are sensitive to the initial
conditions. We should consider our estimate of 3, to not be reliable.

The fourth plot shows the length of the vector that is the difference be-
tween initial and new estimates of 3, that is [|3(") — ]|, in a single iteration

of the NR MLE algorithm. The range in this plot is fy € [-15:.1: 15,5, €
[—15: .1 : 15], with the vertical axis going to 14x 10*2. The largest differences
occur for larger positive values of both Gy and (.

From these plots, I feel comfortable choosing an initial (5, 31) near the
center of the range of these plots. Doing so gives the estimates I presented
in part (h). Going outside this area gives different estimates for [, which
appear unreliable based on the iterations, or failure to converge.
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Exercise 3! Nonparametric and parametric bootstrap distributions of the
MLE for 6 from FExercise 1.

(a) Nonparametric Bootstrap.

The nonparametric bootstrap starts with the observed counts of M, MN
and N of z; = 342, 2, = 500, and z3 = 187. Therefore, our sample has
342 Ms, 500 MNs, and 187 Ns, and the bootstrap procedure resamples with
replacement these Ms, MNs, and Ns. From each bootstrap resample of size
n = 1029, the MLE will be calculated as it was in exercise 1.

(b) Parametric Bootstrap.

The parametric bootstrap uses the observed counts of M, MN and N
of x1 = 342,25 = 500, and x3 = 187, along with the Multinomial model.
The estimated proportions in the multinomial model are estimated from the
observed data p; = 342/1029 = 0.332,p, = 500/1029 = 0.486, and p3 =
187/1029 = 0.182. Counts of M, MN and N are simulated from a multinomial
distribution with these parameters, using the program written in homework
1. From each parametric sample of size n = 1029, the MLE will be calculated
as it was in exercise 1.

(c) Comparison.

The plot in Figure 5 on page 14 shows both the nonparametric and para-
metric bootstrap with B = 10000 resamples. It suggests that either bootstrap
method produces the same information about the sampling distribution of
MLE 6. That means that the multinomial is an appropriate model for these
data (which we knew).

'T’d do much more, but I'm very ready for the semester to end.



Erik Barry Erhardt 14/20

1500 T T T T T T T T T

1

1000

500

1

0 : .
0.37 0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45 0.46 0.47
Nonparametric Bootstrap sampling distribution of MLE of 6

1500 T T

1000

1

500 -

1

0 | L
0.37 0.38 0.39 0.4 0.41 0.42 0.43 0.44 0.45 0.46 0.47
Parametric Bootstrap sampling distribution of MLE of 6

Figure 5: 4.3 Nonparametric and Parametric Bootstraps of MLE 0 from
exercise 1.
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Appendix

Matlab code used for the analysis above

%%l Exercise 1
% 1c

x=[342 500 187];
thetahat = (x(2)+2%x(3))/(2*(sum(x)))

% 1d
function [11] = log_likelihood_multinomial_hardyweinberg(x,theta)

VA%VA%VAVA%VA%VA%VA%%%VA%VA%VA%VA%%%VA%VA%VA%VA%%%VA%VA%VA%VA%%%VA%VA%VA%VA%%%
% log_likelihood_multinomial_hardyweinberg.m

% Stat 579 Statistical Computing II Homework 2

% Create a M-file to calculate the log-likelihood.

% input (x,theta) where

% x is a vector (3x1) of counts, and

% theta is a scalar probability.
Z/ﬁ//é///////////////////////////////////////////////////////////////////////A
b Author:

% Erik Barry Erhardt, M.S., Ph.D. student Statistics

% Dept of Math & Stats, Univ. of New Mexico, Albuquerque, NM 87131, U.S.A.

% Office: Humanities 328, MSCO03 2150

% erike AT stat.unm.edu http://www.stat.unm.edu/"erike/

% (505)277-0757 Fax: (505)277-5505
% American Statistical Association Albuquerque Chapter Representative
h

% Date: 5/2/2006
7/7//777/77//7//7//777/77//7//7/7777/77//7//7///77//7//7//7///77//7//7//7/7/7%
if nargin~=2;error(’log_likelihood_multinomial_hardyweinberg requires 2 arguments’);return;end;

if 1ength(f1nd(x<0)) > 0;error(’Counts in x must all be nonnegative’);return;end;
if length(find(theta<=0)) > O | length(find(theta>1)) > O;error(’Proportion in theta must between O and 1’);return;end

= gammaln(sum(x)) - sum(gammaln(x)) + (2*x(1)+x(2))*log(l-theta) + (x(2)+2*x(3))*log(theta) + x(2)*log(2); % log-1lil
% EOF

function [d11] = dlog_likelihood_multinomial_hardyweinberg(x,theta)

Tl oo tototoToToTo oo o o o o oo oo ToToTo T o o o o oo oo o To T o o o oo oo oo o o o o oo oo oo oo T T T o oo oo oo o o oo
% dlog_likelihood_multinomial_hardyweinberg.m

% Stat 579 Statistical Computing II Homework 2

% Create a M-file to calculate the derivative of log-likelihood.

% input (x,theta) where

% x is a vector (3x1) of counts, and

% theta is a scalar probability.
ZA%VA%VAVA%VA%VA%VA%VAVA%VA%VA%VA%VAVA%VA%VA%VA%VAVA%VA%VA%VA%%%VA%VA%VA%VA%%%
» Author

% Erik Barry Erhardt, M.S., Ph.D. student Statistics

% Dept of Math & Stats, Univ. of New Mexico, Albuquerque, NM 87131, U.S.A.
% O0ffice: Humanities 328, MSC03 2150

% erike AT stat.unm.edu http://www.stat.unm.edu/ erike/

% (505)277-0757 Fax: (505)277-5505
% American Statistical Association Albuquerque Chapter Representative
A

% Date: 5/2/2006

)

Tt totoTo oo o To oo oo ota o o o Toto oo oo o o o o oo o oo ta oo oo oo oo oo o o Tosa oo o oo oo oo tato o o Toote o o Toorato o

if nargin~=2;error(’dlog_likelihood_multinomial_hardyweinberg requires 2 arguments’);return;end;

if length(find(x<0)) > O;error(’Counts in x must all be nonnegative’);return;end;

if length(find(theta<=0)) > O | length(find(theta>1)) > O;error(’Proportion in theta must between O and 1’);return;end

dll = -(2*xx(1)+x(2))/(1-theta) + (x(2)+2*x(3))/theta; % derivative log-likelihood
% EOF

function [dd11l] = ddlog_likelihood_multinomial_hardyweinberg(x,theta)
7////////////////////////////////////////////////////////////////////////////A
% ddlog_likelihood_multinomial_hardyweinberg.m

% Stat 579 Statistical Computing II Homework 2

% Create a M-file to calculate the 2nd derivative of log-likelihood.

% input (x,theta) where

% x is a vector (3xl1) of counts, and

theta is a scalar probability
ZA%VA%VA%%%VA%VA%VA%VA%%%VA%VA%VA%VA%%%VA%VA%VA%VA%%%VAZVA%VA%%%%%%VAZVA%VA%%%
, Author:

% Erik Barry Erhardt, M.S., Ph.D. student Statistics

% Dept of Math & Stats, Univ. of New Mexico, Albuquerque, NM 87131, U.S.A.

% Office: Humanities 328, MSCO03 2150

% erike AT stat.unm.edu http://www.stat.unm.edu/ erike/
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% (505)277-0757 Fax: (505)277-5505
% American Statistical Association Albuquerque Chapter Representative

A

% Date: 5/2/2006

Tl toto o 1o 1o ToTo o oo o o o oo oo oo To o o o o oo oo oo oo o o oo oo oo o oo o o oo oo oo T To o o o o o oo oo oo o o

if nargin”™=2;error(’ddlog_likelihood_multinomial_hardyweinberg requires 2 arguments’);return;end;

if length(find(x<0)) > O;error(’Counts in x must all be nonnegative’);return;end;

if length(find(theta<=0)) > O | length(find(theta>1)) > O;error(’Proportion in theta must between O and 1’);return;end
ddll = -(2*x(1)+x(2))/(1-theta)"2 - (x(2)+2*x(3))/theta”2; % 2nd derivative log-likelihood

% EOF

function [ei] = EInformation_multinomial_hardyweinberg(x,theta)

T totoTot oo toToatoto o toTata o o otota o oo Tota oo oo ota s o Tota oo oo o o o oo ta o o To o oo o Tooato oo Toto o oo To oo o o To oo o o
% EInformation_multinomial_hardyweinberg.m

% Stat 579 Statistical Computing II Homework 2

% Create a M-file to calculate the Expected information of log-likelihood.

% input (x,theta) where

% x is a vector (3x1) of counts, and

% theta is a scalar probability.
ZA%VA%VAVA%VA%VA%VA%VAVA%VA%VA%VA%VAVA%VA%VA%VA%VAVA%VA%VA%VA%%%VA%VA%VA%VA%%%
s, Author

% Erik Barry Erhardt, M.S., Ph.D. student Statistics

% Dept of Math & Stats, Univ. of New Mexico, Albuquerque, NM 87131, U.S.A.
% Office: Humanities 328, MSCO03 2150

% erike AT stat.unm.edu http://www.stat.unm.edu/ erike/

% (505)277-0757 Fax: (505)277-5505
% American Statistical Association Albuquerque Chapter Representative
A

5 Date: 5/2/2006
N N A AN N N N N A A SN N AN A A A NN AR S
if nargin™=2;error (’EInformation_multinomial_hardyweinberg requires 2 arguments’);return;end;

if length(find(x<0)) > O;error(’Counts in x must all be nonnegative’);return;end;
if length(find(theta<=0)) > O | length(find(theta>1)) > Oj;error(’Proportion in theta must between O and 1’);return;end
ei = 2xsum(x)/((1-theta)*theta); % Expected information
% EOF
% le
x=[342 500 187];
theta=.001:.001:0.999;
ll=zeros(size(theta));
for i_theta=theta
ii_theta = find(theta==i_theta);
11(ii_theta)=log_likelihood_multinomial_hardyweinberg(x,i_theta);
end;
plot(theta,11);
xlabel(’\theta’);ylabel(’log-likelihood’);title(’log-likelihood of Multinomial with Hardy Weinberg probabilities for x
plot_name = strcat(’sc2hwO4-le.eps’); ’ plot name
print(gcf, ’-depsc2’, plot_name); % print plot

% 1f

function root = newton_raphson_hardyweinberg(x,theta)
% NR routine for finding root of log-likelihood
% Requires first and second derivatives of the log-likelihood

% The iteration is controlled by:

% eps = absolute convergence criterion
% maxit = maximum allowable number of iterations
5

% Input: theta = starting value
% Output: number of steps, root, and log-likelihood at root

maxit = 35;

eps = le-6;

thetaold = 0; % arbitrary: needed so argument in while loop defined

thetanew = theta;

i=0; % initial iteration index

while (i <= maxit) & ( abs(thetanew - thetaold) > eps );

thetaold = thetanew; % old guess is current guess

thetanew = thetaold - dlog_likelihood_multinomial_hardyweinberg(x,thetaold)./ddlog_likelihood_multinomial_hardyweinber
disp([i thetaold thetanew dlog_likelihood_multinomial_hardyweinberg(x,thetanew)]); % display history
i = i+1; % increment iteration

end

root = thetanew;
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[(i-1) root dlog_likelihood_multinomial_hardyweinberg(x,root)]

% 1g
function root = fisher_scoring_hardyweinberg(x,theta)

% Fisher’s Scoring routine for finding root of log-likelihood
% Requires first and second derivatives of the log-likelihood

% The iteration is controlled by:

% eps = absolute convergence criterion
% maxit = maximum allowable number of iterations

% Input: theta = starting value
% Output: number of steps, root, and log-likelihood at root

maxit = 35;

eps = le-6;

thetaold = 0; % arbitrary: needed so argument in while loop defined

thetanew = theta;

i = 0; % initial iteration index

while (i <= maxit) & ( abs(thetanew - thetaold) > eps );

thetaold = thetanew; % old guess is current guess

thetanew = thetaold + dlog_likelihood_multinomial_hardyweinberg(x,thetaold)./EInformation_multinomial_hardyweinberg(x,
disp([i thetaold thetanew dlog_likelihood_multinomial_hardyweinberg(x,thetanew)]); % display history
i = i+1; % increment iteration

end

root = thetanew;
[(i-1) root dlog_likelihood_multinomial_hardyweinberg(x,root)]

% 1i

x=[342 500 187];
theta=.001:.001:0.999;
nr=zeros(size(theta)); % Newton-Raphson
fs=zeros(size(theta)); % Fisher’s scoring
for i_theta=theta
ii_theta = find(theta==i_theta);
nr(ii_theta) = i_theta - dlog_likelihood_multinomial_hardyweinberg(x,i_theta)/ddlog_likelihood_multinomial_hardywei
fs(ii_theta) = i_theta + dlog_likelihood_multinomial_hardyweinberg(x,i_theta)/EInformation_multinomial_hardyweinber
end;
plot(theta,nr,’-’, theta,fs,’--’);
xlabel(’\theta’);ylabel(’new guess of \theta’);title(’log-likelihood of Multinomial with Hardy Weinberg probabilities :
legend (’Newton-Raphson newguess’, ’Fisher’’s Scoring newguess’,0)
plot_name = strcat(’sc2hwO4-1i.eps’); ’% plot name
print(gcf, ’-depsc2’, plot_name); 7% print plot

%h% Exercise 2
% 2e

function [11] = log_likelihood_exponential_regression(y,X,beta)
7A%VA%VAVA%VA%VA%VA%Z%VA%VA%VA%VA%Z%VA%VA%VA%VA%Z%VA%VA%VA%VA%%%VA%VA%VA%VA%%%
% log_likelihood_exponential_regression.m

% Stat 579 Statistical Computing II Homework 2

% Create a M-file to calculate the log-likelihood.

% input (x,theta) where

% x is a vector (3x1) of counts, and

% theta is a scalar probability.
Z/Z//ﬁ/?/77//7//7////7/77//7//7/7//7/77//7//7////7//7//7//7///77//7//7//7/7//%
v Author:

% Erik Barry Erhardt, M.S., Ph.D. student Statistics

% Dept of Math & Stats, Univ. of New Mexico, Albuquerque, NM 87131, U.S.A.

% Office: Humanities 328, MSC03 2150

% erike AT stat.unm.edu http://www.stat.unm.edu/"erike/

% (505)277-0757 Fax: (505)277-5505
% American Statistical Association Albuquerque Chapter Representative
%

j Date: 5/2/2006
7/%7/%777AVV/%7/%7/%%77A%V/%7/%7/%%7%%%7/%7/%7/%%77/%7/%7/%7/%%77/%7/%7/%77%%%
%if nargin~=2;error(’log_likelihood_exponential_regressionm requires 2 arguments’);return;end;

X = X-(diag(mean(X))*ones(size(X))’)’; ' center X’s
11 = -X*beta-y’*exp(-X*beta); % log likelihood
11 = sum(11l);

% EOF

% 2fg
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function [beta,il,zz,likn,covm,ithist] = mle_exponential_regression(y,X,beta,method)
R A N Ay Ay AR AN R LR A R R A R A R AR R AR N A AN AR oA
% mle_exponential_regression.m

% Stat 579 Statistical Computing II Homework 2

% Create a M-file to calculate the log-likelihood.

% input (x,theta) where

% x is a vector (3x1) of counts, and

pA theta is a scalar probability.
ZA%Vé%VAVA%VA%VA%VA%Z%VA%VA%VA%VA%%%VA%VA%VA%VA%Z%VA%VA%VA%VA%%%VA%VA%VA%VA%%%
, Author

% Erik Barry Erhardt, M.S., Ph.D. student Statistics

% Dept of Math & Stats, Univ. of New Mexico, Albuquerque, NM 87131, U.S.A.

% O0ffice: Humanities 328, MSC03 2150

% erike AT stat.unm.edu http://www.stat.unm.edu/ erike/

% (505)277-0757 Fax: (505)277-5505

% American Statistical Association Albuquerque Chapter Representative

/ Date: 5/2/2006
j%%%%%%%%%%%%%%%%%%%Z%%%%%%%%%%%%%Z%%%%%%%%%%%%%Z%%%%%%%%%%%%%Z%%%%%%%%%%Z%%Z%

% lrmlel: Fisher scoring estimation of LR model (with line search)

% input: X = n-by-a design matrix

% y = n-by-1 vector of responses

% beta= a-by-1 vector of starting values for regression est

% method = ’N’ Newton-Raphson or ’F’ Fisher’s Scoring

)

% output: bn = a-by-1 vector of MLES for regression estimates

A il = number of iterations

yA zz = 8S of abs diff in estimates (no convergence if large)

% likn = log-like at MLE

A covm = covariance matrix of MLE

% ithist = iteration history (il,zz,likn,bn)

if (method™=’N’ & method ~=’F’);error(’method must be either N or F’);return;end;
epsl = le-4; % absolute convergence criterion for beta

eps2 = le-b5; % absolute convergence criterion for log-like
itmax = 50; % max number of iterations

alp = -1.00005:1e-3:2.00005; % line search values

%beta = beta; % 1st guess

likn = log_likelihood_exponential_regression(y,X,beta); % log-like at first guess
liko = likn + 100; % dummy value

zz = 5; % set dummy for norm of diff between est
il = 1; % start loop

while ( il < itmax ) & ( zz > epsl ) & ( abs(likn - liko) > eps2 );

betao = beta; % current beta, log-like, means

liko = 1likn; % and diag matrix of variances

if method==’N’;

del = (-X’*diag(y’*exp(-X*beta))*X) \ X’*diag(exp(-X*beta))*(y-exp(X*beta));
end;

if method==’F"

del = (X’#X) \ X’*diag(exp(-X*beta))*(y-exp(X*beta));

end;

is = 1; % line search for best multiplier
for is=1:length(alp);
if method==’N’;

btemp = betao - alp(is).*del;

end;

if method==’F’;

btemp = betao + alp(is).*del;

end;

ltem(is) = log_likelihood_exponential_regression(y,X,btemp);

end;

[1ikn,iwhere] = max(ltem); % locate max of log-like and location

if method==’

beta = betao - alp(iwhere).x*del; % update beta, zz for check at next step
end;

if method==’

beta = betao + alp(iwhere).*del; % update beta, zz for check at next step
end;

% likn = loglike(y,m,p(x,bn));

zz = sqrt( (beta-betao) ’*(beta-betao) );

ithist(il,:) = [il likn alp(iwhere) zz beta’ ]; % save iteration summaries
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il = il+1;

end

% update counter

% bn and likn are final est of beta and log-like. get inv info at MLE

covm = inv( X’*X );

end

% EOF

% EOF

% 2h

clear
format compact

format short g

X=[1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00;
3.36 2.88 3.63 3.41 3.78 4.02 4.00 4.23 3.73 3.85 3.97 4.51 4.54 5.00 5.00 4.72 5.00]’;

y=[ 65 1566 100 134 16 108 121 4 39 143 56 26 22 1 1 5 65]7;
beta=[0 0]’;
method="F’;

[betahat,il,zz,likn,covm,ithist] = mle_exponential_regression(y,X,beta,method); ithist
method="N’;

[betahat,il,zz,likn,covm,ithist] = mle_exponential_regression(y,X,beta,method); ithist

0 2F 5 -14770 1.0669 0.0040794 8.4778 -1.1093

0 2N 85 -1477 1.9999 9.8951e-005 8.4767 -1.1091

0 OF 3 -14770 0.1829 0.88936 7.5985 -1.1093

0 ON 80 -14770 1.9999 0.00043815 8.4742 -1.1092

10 10 F 1 -Inf -1.0001 4.2464e+027 4.0983e+027 -1.1117e+027

10 10 N 99 -14770 1.9999 0.11745 -34.767 (slowly converging to 8.5)
beta=[8.4742 ; —1.1092]; % MLE of beta parameters

x=2.8:.01:5.1; % range of x to plot

y_hat= exp((beta(1l)+(x).*beta(2))); % fitted values of y

plot(X(:,2),y,’.’, x,y_hat,’-’); % plot it

xlabel(’log_{10}(initial white blood cell count)’);ylabel(’Survival time (weeks)’);
title(’Exponential regression fit to leukemia survival data’)
t_name = strcat(’sc2hw04-2h.eps’); % plot name

plo

print(gcf, ’-depsc2’, plot_name);

% 2
%NR
%be
%be

bet
bet

% print plot

i

ta0=-15:.1:15;
tal=-15:.1:15;
a0=-200:4:200;
al=-5:.1:5;

betamap = zeros(length(betal),length(betal));

zZ
for

end
fig
sur
x1al

i_betal = betal;

for i_betal = betal;
ii_betaO=find(beta0==i_betal);
ii_betal=find(betal==i_betal);

beta=[i_betal;i_betal];
% NR

zeros (length(beta0) ,length(betal));

del = (-X’*diag(y’*exp(-X*beta))*X) \ X’*diag(exp(-X*beta))*(y-exp(X*beta));

betan = beta - del;

zz(ii_betal,ii_betal)

sqrt ( (beta-betan)’*(beta-betan) );

betamap(ii_beta0,ii_betal) = log_likelihood_exponential_regression(y,X,beta);

end;

ﬁre(l);clf;

f (betal,betal,betamap’);
bel(’\beta_0’);

ylabel(’\beta_1’);

zlabel(’log-likelihood’);

fig
sur

ure(2) ;clf;
f (betal,betal,zz’);

xlabel(’\beta_0’);
ylabel(’\beta_1’);
zlabel(’zz’);

% s

urface plot of the log-likelihood

plot_name = strcat(’sc2hw04-2il.eps’); % plot name
% print plot

% rotated surface plot of the log-likelihood
plot_name = strcat(’sc2hw04-2i2.eps’); % plot name
% print plot

% top-down surface plot of the log-likelihood

print(gcf, ’-depsc2’, plot_name);

print(gcf, ’-depsc2’, plot_name);

-1.1097
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strcat(’sc2hw04-2i3.eps’); % plot name
% print plot

plot_name =

print(gcf, ’-depsc2’, plot_name);
% surface plot of the zz

plot_name = strcat(’sc2hw04-2i4.eps’); % plot name

print(gcf, ’-depsc2’, plot_name); ¥ print plot

%%%h Exercise 3

x=[342 500 187];
thetahat = (x(2)+2*x(3))/(2*(sum(x)))

% 3a

% nonparametric bootstrap
rand(’state’,2653) ;
MN = [1.*ones(342,1); 2.*ones(500,1); 3.*ones(187,1)]; %

n = length(MN); %
B = 10000; %
ind = unidrnd(n,n,B); %
bs = MN(ind); %
bs_x = [sum((bs==1)); sum((bs==2)); sum((bs==3))1; A
bs_thetahat = (bs_x(2,:)+2.%bs_x(3,:))./(2.*(sum(bs_x))) ;%
subplot(2,1,1)

hist(bs_thetahat,25) yA

axis([.37 .47 0 1500])

create a vector of M=1, MN=2, N=3
total number n

number of bootstrap samples

sample indicies from discrete uniform
bootstrap sample

determine counts

calculate MLE

plot histogram

xlabel (’Nonparametric Bootstrap sampling distribution of MLE of \theta’)

strcat(’sc2hw04-3a.eps’); % plot name
% print plot

%plot_name =
%print (gcf, ’-depsc2’, plot_name);

% 3b

% parametric bootstrap
x=[342 500 187];

B = 10000; %
bs_x=multigen(sum(x),x/sum(x),B)’; A
bs_thetahat = (bs_x(2,:)+2.%bs_x(3,:))./(2.%(sum(bs_x))) ;%
subplot(2,1,2)

hist (bs_thetahat,25) %

axis([.37 .47 0 1500])

number of bootstrap samples
draw from multinomial distribution
calculate MLE

plot histogram

xlabel (’Parametric Bootstrap sampling distribution of MLE of \theta’)

%plot_name = strcat(’sc2hw04-3b.eps’); % plot name
%print (gcf, ’-depsc2’, plot_name); % print plot
plot_name = strcat(’sc2hw04-3.eps’); % plot name
print(gcf, ’-depsc2’, plot_name); 7% print plot



