CS 530 Geometric and Prob. Methods in CS
Homework 4

Erik Barry Erhardt
November 15, 2006

Note: All code can be found in the Appendix.

Exercise 1  Linear/non-linear, even, odd fuctions.

(a) f(z) = —u.

Linear: f(ax +1y) = —(az +vy)
Not Even: f(z)
Odd: f(z)
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(b) f(z) =Tz + 1.

Not Linear: f(ax +y)="T7(ax +y)+1
=alyr) +Ty+1 # a(To+1)+Ty+1=af(z)+ f(y)
Not Even: f(z)=Tz+1 # —Tzx+1= f(-x)
Not Odd: f(z) =Tz +1 # —(—=Tz+1)=Tz—1=—f(—2)

(c) f(z) =2*— .
Not Linear: f(ax +1v) = (ax +y)* — (az + y)
=ad’r* + 2y +y  —ar —y # ar’ —ar+y: —y=af(zx)+ f(y)
Not Even: f(z) =2 -2 # 2*+2=f(—x)
Not Odd: f(z)=a*—2 # —2°—x=—f(—1)

(d) flz)=e"

Not Linear: f(az +1y) = e @ £ g™ 4 eV =af(z) + f(y)
Even: f(z)= = e f(=z)
Not Odd: f(z)=e* # —e 9" = _f(—x)
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(e) f(x) = cos(a).

f(ax +1y) = cos(ax + y)

Not Linear:

Exercise 2

Exercise 3

Even:

() = cos(z)

Not Odd:  f(z) = cos(z)

£

4

Circulant matrixz function.
See appendix.

acos(x) + cos(y) = af(z) + f(y)
cos(—z) = f(—x)

—cos(z) = — cos(—x)

—f(=x)

Matlab circulant matricies and eigenvectors/eigenvalues.

(a) A Circulant.

(b) Right eigenvectors/eigenvalues.

(c) W_; and W¥# are equal.
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(d) Ay. y=[1234]",

(e) WAWHy = Ay. y=[1234], A = diag()\),

6

H —
WAW™y = 1
0

(f) B100 x 100 circulant. Like A but bigger!

(g) Twelfth smallest right and left eigenvectors. The real right
eigenvectors 1 and 2 are the same, and similar to the left imaginary eigen-
vector 1, and the vertical reflection of the left imaginary eigenvector 2. Sim-
ilarly, the real left eigenvectors 1 and 2 are the same, and similar to the right
imaginary eigenvector 2, and the vertical reflection of the right imaginary
eigenvector 1.

The plot in Figure 1 on page 4 shows the eigenvectors associated with
the twelfth smallest eigenvalues plotted seperately, then all together.
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Real Left Eigenvector 1

Real Right Eigenvector 1
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Figure 1: Problem 3g, plots of the eigenvectors associated with the twelfth
smallest eigenvalues.
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Exercise 4  Proof.

Show that sin(x) = ejm;je._jz, where j = sqrt—1.

e® = cos(z) + jsin(z)
e = cos(—x) + jsin(—x)
(x) + jsin(z) — (cos(—z) + jsin(—x))
= (cos(x) — cos(—x)) + j(sin(z) — sin(—=z))

et — e = cos(x

(=
= (cos(z) — cos(z)) + j(sin(z) + sin(z)) cos even, sin odd

= 0+ 2jsin(x)
et — eI
sin(z) = o solving for sin in last expression
Exercise 5  OQutput of a linear shift-invariant system.
Impulse response is h(t) = S22t
Input is z(t) = cos(4nt) + cos(mt/2).
Output is:

dr

* (cos (47T) + cos (77/2)) sin (7 (t — 7))
y(t) =

o w(t—T)
= cos(mt/2) thank’s to Maple’s symbolic integration

Exercise 6  Qutput of a linear shift-invariant system.

_mt?

Impulse response is h(t) = e 2 .
Input is z(t) = €72,
Output is:

o) = [ e

— \/562j7rs(js+t)
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Proof of result used for Exercises 7, 8, and 11 Show F{g(x)h(z)} =

Fg(x)} = F{h(z)}.
Since I can’t find this in the class notes, I decided to derive it in order to
apply it later.

Show F{g(x)h(x)} = F{g(x)} + F{h(x)}.

(Note, it is also true that F{g(x) * h(z)} = F{g(x)}F{h(z)}.)
Let F{g(z)} = G(s) and f{hggc)} = H(s).
Convolution: F(s)* G(s) = [___ F(y)G(s —y) dy.

Inverse transform:
FUF@) < F @) = [ [ PG -y dyet s
= / / F(y)G(z)et?mW+2) 4y dz, z=s5—y,dz=ds

= / F(y)et#meW) dy /OO G(z)e™?™(®) 4z
= [flz)g(z)

Applying the Fourier transform F to both sides gives what we wanted to
show. |
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Exercise 7  sine Gabor Fourier transform.
sine Gabor: f(t) = e~ ™ sin(2msot) = g(t)h(t)
F(s) = F{f(z)} = Flg(z)h(x )} Jr{g( )} x F{h(x)} = G(s) * H(s).
G(s) = Flg(a)} = Fle ™} =
H(s) =F{h(z)} = ]—"{sm(27rsot)} 218(s + s0) — (s — s9)].
H(s) is a sum of delta functions Shifted by sg, so the convolution is

F(s) = G(s)*H(s)
[G(S + S()) — G(S - 80)]

NS, NS,

|:6—7r(s+50)2 . 6—7r(s—so)2

Exercise 8 Mean and Variance of two independent Normals.
Results from statistics is the easiest way:

X1 ~ N(0,07)
Xy ~ N(0,03)
E(X;+Xs) = E(X)+EX;)=04+0=0
Var(X; + X;) = Var(X;) + Var(Xy) + Cov(X;, X3) = Var(X;) + Var(Xy) + 0 = o5 + 03

This can also be done by taking ¥ = X; + X, and performing a convo-
lution. However, there is a great deal of algebra required to complete the
square in the exponent.

Alternatively we can take the Fourier transform of the convolution, take
the product in frequency domain, then take the inverse Fourier transform.
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Exercise 9  Fourier transform of a location-scale Pulse.

f(t):{ 1, if lat —b] < 3

0, else
F(s) = / f(t)e 2™t dt
2+b

_ —j2mst
= |, e dt

3+b

a

1 B e
_ 67.]27TST - 67]271'5 -

—j2ms

A location-scale transform of the sinc.

Exercise 10 Inverse Fourier transform.

o(t) / 20T (¢ — 1) dr

o0
— H(So)ejQﬂ'Sot
lejQTrsot

So

Exercise 11 similar to cosine Gabor, but first derivative of Gaussian.
Function: f(t) = —2nte™™" cos(2msot) = g(t)h(t)
F(s) = F{(2)) = Flg(a)h(a)} = Flg(a)} « F{h(a)} = Gls) « H(s).
Gls) = Flo(a)} = F{-2mte ™"} = F{dre ™"} = (js)'e™, by the
generalized derivative property of the Fourler transform®.
H(s) = F{h(z)} = F{cos(2msot)} = 5 [6(s + so) + d(s — s0)].
H(s) is a sum of delta functions Shlfted by sg, so the convolution is

F(s) = G(s)*H(s)

(75 + s0)e™™ 40 4 (s + sg)eme0"]

_ (S + 50) [efﬂ(s+so)2 + 6*77(5*50)2}

Thttp://en.wikipedia.org/wiki/Fourier_transform
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Exercise 12 Show if F{f}(s) = F(s) then F{F}(s) = f(—s).
Def: f(t) 5 F(s).
Basically, show F{F{f}}(s) = f(—s).

F{f}s) = ("™, f)

oo

= f(s)e*™ ds

%
ds

ds u:—s,s:—u,dSZ—du,%:—l

ds

F{F}(s) = / " B(s)e it s
/ F(—u)e7?m(-ut

Exercise 13 Show F~YF{f}} = f.

.’F{f} — <€j27rst’f>
= /_ f(s)e*™t ds
F(s)

FHF} = /00 F(s)eti*mst ds
= f(t)
Or, by definition, FH{F{f}} = (F 1o F){f} =1{f} = .
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Exercise 14 truncated Fourier series.
The plot in Figure 2 on page 11 shows truncated Fourier series of

N .
— i Jwt
fn(t) = 7+ Z e
w=-—-N
w#0
for N =1,3,6,12,24,48. Note that the imaginary part is always the constant
0.

This shows why the imaginary part is a constant 0, because the positive
and negative imaginary parts cancel:

j Jwt j —jwt j L J .o
L - = < t £)] + —[cos(—wt —wt
e + —¢ w[cos(w ) + jsin(wt)] + ~ [cos(—wt) + j sin(—wt)]
J J j? j?
= L cos(wt) + L cos(—wt) + L sin(wt) + ~— sin(—wt
- cos(wt) + = cos(—wt) + - sin(wt) + oy sin(—wt)
- 1
= 0+ —sin(wt) + — sin(—wt), cancel since cos is even
w —w

1 1
= —Zsin(wt) 4+ —sin(—wt
- sin(wt) + - sin(—wt)
1
= ——sin(wt) — — sin(wt), sign change since sin is odd
w w

= —Zin(wt
u}sm(w)

Therefore, only a real sine.
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truncated Fourier series for N=1
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Figure 2: Problem 14, Plot of truncated Fourier series.
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Appendix

Matlab code used for the exercises

$%% Exercise 2

Listing 1: Matlab routine circ.m used to convert an Nx1 vector x to
a circulant matrix A.

function [A] = circ(x)
function [A] = circ(x)

o do de

Construct a circulant matrix out of an nxl vector

t

Y

Erik Barry Erhardt 11/6/2006

% error checking

if nargin "= 1; error(’0Only one input argument!’); return; end;

10 | isVector = ((ndims(x) == 2) && ((size(x,1) == 1) || (size(x,2) == 1)));
if “isVector; error(’x is not a vector!’); return; end;

if size(x,1) < size(x,2); x=x’; end; % make a column vector
15 len_x = max(size(x)); $ length of the vector
A = zeros(len_x); % init matrix A

for i = 0:(len_x-1);
20 ind = mod((1:1len_x)-i-1,len_x)+1; ¢ index order

A(:,i+1)=x(ind); $ write the rows of x in the order of ind
end; $for

& EOF %

% (a)

xind = [1:4]1°;

x = xind.*(-1). xind;

A = circ(x) % create circulant matrix A
% (b)

[W,lambdal = eig(A)
dlambda = diag(lambda)
W = round(Wxtol)/tol

(c)
these are equal
inv (W)

B

o oo

% (d)
y=[1:41";
round (A*y *tol)/tol

s (e)
round (W*lambda*W’*y *tol)/tol

% (f)
ind = [1:100]°;
= xind.*(-1). xind;
= circ(x); $ create circulant matrix B

W R K

(9)

right

twelfth_smallest_ind=100-12+1;

[RW,Rlambdal] = eig(B); % RW is right eigenvectors
RW=round (RW*tol)/tol;

o oo

dRlambda = diag(Rlambda);

dRlambda_abs = abs(dRlambda); % magnitude of eigenvalues
[dRlambda_abs_sort, dRlambda_abs_ind] = sortrows (dRlambda_abs);
dRlambda_abs_sort = flipud(dRlambda_abs_sort);

dRlambda_abs_ind = flipud (dRlambda_abs_ind);

[dRlambda_abs_sort (twelfth_smallest_ind), dRlambda_abs_ind(twelfth_smallest_ind)] § 12th smallest eigenvalue
% 50.9016074095522 95
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R12_ind = dRlambda_abs_ind(find (dRlambda_abs_sort==dRlambda_abs_sort(twelfth_smallest_ind))); % indicies of 12th smallest eigenvali
Revec_12 = RW(:,R12_ind);

% left
[LW,Llambdal] = eig(B.’); LW = conj(LW); & LW is left eigenvectors
LW=round (LW*tol)/tol;

dLlambda = diag(Llambda);

dLlambda_abs = abs(dLlambda); % magnitude of eigenvalues
[dLlambda_abs_sort, dLlambda_abs_ind] = sortrows(dLlambda_abs);
dLlambda_abs_sort = flipud(dLlambda_abs_sort);

dLlambda_abs_ind = flipud (dLlambda_abs_ind);

[dLlambda_abs_sort (twelfth_smallest_ind), dLlambda_abs_ind(twelfth_smallest_ind)] % 12th smallest eigenvalue

3 50.9016074095521 86

L12_ind = dLlambda_abs_ind(find(dLlambda_abs_sort==dLlambda_abs_sort(twelfth_smallest_ind))); % indicies of 12th smallest eigenvali
Levec_12 = LW(:,L12_ind);

% plots

subplot(4,2,1); plot(xind,real(Levec_12(:,1)));title(’Real Left Eigenvector 1
subplot (4,2,3); plot(xind ,imag(Levec_12(:,1)));title(’Imag Left Eigenvector 1
subplot (4,2,5) ; plot (xind ,real(Levec_12(:,2)));title(’Real Left Eigenvector 2
subplot(4,2,7); plot(xind ,imag(Levec_12(:,2)));title(’Imag Left Eigenvector 2
subplot (4,2,2);plot(xind,real(Revec_12(:,1)));title(’Real Right Eigenvector 1’
subplot(4,2,4); plot(xind,imag(Revec_12(:,1)));title(’Imag Right Eigenvector 1
subplot(4,2,6); plot(xind,real(Revec_12(:,2)));title(’Real Right Eigenvector 2
subplot(4,2,8); plot(xind,imag(Revec_12(:,2)));title(’Imag Right Eigenvector 2
plot_name = strcat(’gpcshw04-3indy.eps’);

print (gcf, ’-depsc2’, plot_name);

clf;plot(xind,[real(Levec_12(:,1)) ,imag(Levec_12(:,1)),real(Levec_12(:,2)) ,imag(Levec_12(:,2)),real(Revec_12(:,1)) ,imag(Revec_12(:,1
title(’All Eigenvectors’);

plot_name = strcat(’gpcshw04-3all.eps’);

print(gcf, ’-depsc2’, plot_name);

%%% Exercise 4

%%% Exercise 5
% Maple code:

f:=(cos(4xpi*tau)+cos(pixtau/2))*sin(pi*x(t-tau))/(pi*x(t-tau));
latex (£);

v

(cos(4 pi tau) + cos(1/2 pi tau)) sin(pi (t - tau))

{\frac { \left( \cos \left( 4\,\pi\,\tau \right) +\cos \left( 1/2\,\pi
\,\tau \right) \right) \sin \left( \pi\, \left( t-\tau \right)
\right) }{\pi\, \left( t-\tau \right) }}

> F:=simplify (int (f,tau=-infinity..infinity));

> latex (F);

Pi cos(1/2 pi t)

{\frac {\pi \,\cos \left( 1/2\,\pi\,t \right) }{ \left| \pi \right| }}

o

%% Exercise § =s===ss=s==s==s==s===s==s=ss==ss=sss=sssss=ss=s=sss=ss=s=ss=sssss=ss==ss===

oo

Maple code:

f:=exp(sqrt(-1)*2xpi*s*xtau)*exp(-pi/2*(t-tau)"2);
> latex(f);
2
f := exp(2 I pi s tau) exp(- 1/2 pi (t - tau) )

{e~{2\,i\pi\,s\taul}{e"{-1/2\,\pi\, \left( t-\tau \right) ~{2}}}
> F:=int (f,tau=-infinity..infinity);
> latex(F);

{ 1/2 1/2

{exp(2 I pis (I s +t)) 2 Pi
—————————————————————————————————— csgn(pi) = 1

{

{

{ pi
{

{ infinity otherwise
\cases{

{\frac {{e"{2\,i\pi\,s \left( is+t \right) }}\sqrt {2 \sqrt {\pi }}{\sqrt {\pi}}}
&${\it csgn} \left( \pi \right) =1$\cr \infty &otherwise\cr}
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o

%% Exercise 7 == m=============== = = - -

o

Maple code:
> f:=1/sqrt (2*pi)*sin (2*xpi*s*t)*exp(-pi*t"2-2xpi*sqrt (-1)*omega*t);
> latex(£);

2 sin(2 pi s t) exp(-pi t - 2 I pi omega t)

1/2\,{\frac {\sqrt {2}\sin \left( 2\,\pi\,st \right) {e~{-\pi\,{t} {2}
-2\,i\pi\,\omega\,t}}}{\sqrt {\pi}}}

> F:=simplify(int(f,t=-infinity..infinity));

> latex(F);

(cos(4 pi tau) + cos(1/2 pi tau)) Pi

{\frac { \left( \cos \left( 4\,\pi\,\tau \right) +\cos \left( 1/2\,\pi
\,\tau \right) \right) \pi }{ \left| \pi \right| }}

o

%% Exercise 8 =s==ss=s==s==s==s===s=sssss==ss=ssssssssssssssssssssssssss=sss=ss===

oo

%% Exercise 9 = = = = - _ _ _

de

Maple code:

> f:=exp(-2*pi*sqrt(-1)*omega*t)/sqrt(2*pi);
> latex(f);

1/2
exp(-2 I pi omega t) 2

1/2\,{\frac {{e"{-2\,i\pi\,\omega\,t}}\sqrt {2}}{\sqrt {\pi}}}
> F:=simplify (int (f,t=(-1/2+b)/a..(1/2+b)/a));
> latex(F);

1/2
F := -1/4 1 2
/ -I pi omega (1 + 2 b) -I pi omega (-1 + 2 b) \
|-exp(----=--------------om- ) + exp(--------------------o )
\ a a /
/ 3/2
/  (pi omega)

/
-1/4\,i\sqrt {2} \left( -{e"{{\frac {-i\omega\,\pi\, \left( 1+2\,b
\right) }{a}}}}+{e " {{\frac {-i\omega\,\pi\, \left( -1+2\,b \right) }{
a}}}} \right) {\pi}~{-3/2}{\omegal}-{-1}

%%% Exercise 10 s====s=ss=ss=ss==ss=s==ss=s==ssss=ss=ss=sssssssssssssssssssssssss==

$%% Exercise 11 = = == s=============== = = =

f:=-2%pixt*exp(-pi*t~2)*cos (2xpi*s*t)xexp(-2xpi*sqrt (-1)*s*t);
> latex(f);
2

f := -2 pi t exp(-pi t ) cos(2 pi s t) exp(-2 I pi s t)
-2\,\pi\,t{e " {-\pi\,{t}"{2}}}\cos \left( 2\,\pi\,st \right) {e~{-2\,i
\pi\,st}}
> F:=simplify (int(f,t=-infinity..infinity));
> latex(F);

infinity

F := | -2 pi t exp(-pi t (¢t + 2 I s)) cos(2 pi s t) dt

-infinity

\int _{-\infty }"{\infty I\!-2\,\pi\,t{e"{-\pi\,t \left( t+2\,is
\right) }}\cos \left( 2\,\pi\,st \right) {dt}

o

$% Exercise 12 =======================ss==ssssssssssssssssssssssssssss==s==



CS 530 Homework 4 Erik Barry Erhardt 15/15

o

o

10

20

25

%% Exercise 13 = =

%% Exercise 14

Listing 2: Matlab routine fourier series_truncated.m used to com-
pute the trucated Fouries series of a specific function hard-coded.

function [f_t] = fourier_series_truncated(N,t)
function [f_t] = fourier_series_truncated(N)

Computes the trucated Fouries series of a specific function hard—coded
N is number of frequencies

t is a linspace points from —4%pi to 4xpi (or any range)
Erik Barry Erhardt 11/6/2006

o o o o dp o o

error checking
f nargin "= 2; error(’Two input arguments!’); return; end;

g

f_t = zeros(length(t),1); ¢ init function being approximated
f_t = f_t + pi; % starts as pi
j=sqrt(-1);
for omega=1:N;
term_pos = (j/ omega )*exp(j* omega *t);
term_neg = (j/(-omega))*exp(j*(-omega)*t);
f_t = f_t + term_pos + term_neg;

end; $for

% EOF

o

t=linspace (-4*pi,4*pi,1001) ’;
N=[1,3,6,12,24,48];
plot_ind=0;

for i_N = N;
plot_ind=plot_ind+1; % plot index
[f_t] = fourier_series_truncated(i_N,t); % truncated Fourier series

subplot (length(N) ,1,plot_ind);plot(t,[real(f_t) ,imag(f_t)]);
title(strcat (’truncated Fourier series for N=’ ,num2str(i_N)));

end;

o

plot it

plot_name = strcat(’gpcshw04-14.eps’);
print(gcf, ’-depsc2’, plot_name);




