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It is customary when presenting a choropleth map of rates or counts to present
only the estimates (mean or mode) of the parameters of interest. While this
technique illustrates spatial variation, it ignores the variation inherent in the
estimates. We describe an approach to present variability in choropleth maps by
constructing 100(1 — a))% simultaneous intervals. The result provides three maps
(estimate with two bands).

We propose two methods to construct simultaneous intervals from the optimal
individual Highest Posterior Density (HPD) intervals to ensure joint simultaneous
coverage of 100(1 — a))%.

Both methods exhibit the main feature of multiplying the lower bound and di-

viding the upper bound of the individual HPD intervals by parameters 0 < vy, 7, < 1

to “stretch” the interval until the simultaneous probability content is 100(1 — «)%.
We employ the Nelder-Mead minimization algorithm to solve a system of non-
linear equations involving the probability content and an optimality condition.
Our Single-y Method, where v, = 9, optimizes over the probability content only,
while the Double-yv Method includes an optimality condition. For our example,
we found that these methods are comparable, appearing that the optimality con-
dition adds very little information.

For illustrative purposes we apply our methods to chronic obstructive pul-
monary disease (COPD) mortality rates from 1988-92, subset White Males age

group 65 and older, for the continental United States for the 798 Health Service
Areas (HSA).
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Age Classes 8,9 and 10
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Simultaneous Interval Map
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e Chronic Obstructive Pulmonary Disease (COPD) and its con-
stituent diseases (asthma, chronic bronchitis and emphysema)
and potential risk factors.

e All United States death certificates 1988-1992 and population
census data for 1990.

e Number of HSAs by ¢ = 798.
e Ensemble of mortality rate parameters A = (A1,...,\p)" .

e Deaths d = (dy, ...,d,)" and population sizes n = (ng,...,n)".
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Singley Method
e Twice as many unknowns as equations, not unique solution, Double~y Method
computationally demanding. Poisson-Gamma. ..

e Stretching.
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e “Stretching” factor 0 < v < 1 on interval (a;, b;)

bi /vy b;
U a

a; %

e Optimized HPD, stretch until desired content obtained, for some
posterior distribution w(Ag, ..., A¢| d).

be/~y b/
/ / (AL -l d)dA - dde = 1T—a (4
i v

ap ai

min., () attains zero, unique solution exists.

F(y) =

be/v b1/y
[ [ g dhe - - -0 @
Yae a1
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Theorem 2.1 Given a set of HPD credible intervals A, = {\; :
a; < X\ <b},i=1,...,¢, defined on a set of densities with positive
support and given the transformation A; = {\; : va; < N\; < bi/7v},
there is a unique v satisfying P(N{_,A;|d) = 1 — «, where d is the
data.

Proof Outline

1. y=1, P(Alld) =1—o; P(N_,4|d) < 1—a.
2.7 =0, P(Al]d) = P(N{,Aild) = L.
(

3. As v — 0, P(N{_;4;|d) increases smoothly from a value less
than 1 — a to 1.
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e “Stretching” factors 0 < 73 < 1 and 0 < 75 < 1 on interval
(aiu bl)
e Lead to different values of {v1,72}, content (6) takes precedence.

be/ e b1/72
/ / O+ A d) g o e
v V.

m(nai| di) = 7(bi/ve|ds) (7)

min,, -, £'(71,72) approaches zero.

be/w b1 /72
F(v1,72) T(AL, .- A d)dAr--- dA — (1 — @)
Y1ayp Y141
i Z Ip(raas| di) — p(bi/ 2| i) (8)
i=1
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e Calculate ordinates p(\;| d;) at each )\El), o A(M), i = 1A

7

e Find lower and upper bounds a; and b;, satisfying both condi-
tions (11) and (12).

bi
/ p(Aildi)dN = 1-« (11)
plaildi) = p(bi|d;) (12)
f(aiabi) o 'Ml Z {F(b1’ dva \ ) N F(al‘ d“Q h))} N (1 N O‘)
+ MY plag] di, QM) — MY " p(by| di, Q) (13)
h=1 h=1

Abstract
Single-y Method
Double-~y Method

Poisson-Gamma.. . .

Map Construction

Cholopleth Maps

Home Page
Title Page
44 42
| »
Page 13 of 36
Go Back
Full Screen
Close

Quit


http://www.stat.unm.edu/~erike

fly) = ‘

M‘lz

M
h=1

¢
H {F(bz/ﬂ di, Q(h)) — F(vya;| d;, Q(h))}
i=1
¢
H {F(bi/72| d;, Q™) — F(mai| d;, Q(h))}
i=1
M
MY {pnail 9) = p(bi/rl Q“”))}|
h=1

_(1—Oz)

—(l—a)

Abstract
Single—y Method
Double-y Method

Poisson-Gamma.. . .

Map Construction

Cholopleth Maps

Home Page
Title Page

“ »

Page 14 of 36
Go Back
Full Screen
Close

Quit


http://www.stat.unm.edu/~erike

Region
All
New England
Middle Atlantic
S. Atlantic-North
S. Atlantic-South
E. S. Central
E. N. Central
W. N. Central-North
W. N. Central-South
W. S. Central
Mountain-South
Mountain-North
Pacific

Table 1: Single-y Method values for .

0 O Ui WK

[
=) =

11
12

l
798
23
49
38
88
88
121
45
105
115
40
38
48

v
0.7711593

0.9356322
0.9192618
0.9109113
0.8659650
0.8959517
0.8849109
0.8949770
0.8395072
0.8682747
0.8657598
0.8992667
0.9094602

min(Lower)
0.001379
0.002206
0.001713
0.001852
0.001568
0.002458
0.002182
0.002249
0.001970
0.001715
0.001768
0.003469
0.002098

max(Upper)
0.011935
0.006979
0.006132
0.007940
0.008893
0.008035
0.006640
0.006502
0.007899
0.007171
0.009689
0.006927
0.005930
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Table 2: Individual Legend Credible Interval difference between lower and upper bound maps.
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Table 3: Individual Legend HPD Interval difference between lower and upper bound maps.
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Table 4: Individual Legend Simultaneous Interval difference between lower and upper bound

maps.
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Table 5: Difference between individual legend lower and upper bound maps.
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Note: SyYM denotes Single-y Method and Reg the region. The difference presented is the Lower
map’s color number subtracted from the Upper map’s color number.
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e An extremely simple example with two independent Gamma

distributions.

A1 dy ~ Gamma(3,1)
)\2|d2 ~ Gamma(10,05)

by b
o = / / W(Al,)\g‘d)d)\ld)\Q
albl CLQb2
= / / 7T(/\1| dl)ﬂ'()\z‘ dg) d)\l d)\g

\ ﬁ { /G%iw(xi| di)d)\i}.

i=1 i

e 100(1 — a)'?% HPD intervals, (ay,b;), (ag,by) in Figure 8.

(16)
(17)

(18)

e Simultaneous interval {(ai,b1), (a2,b9)} in Figure 9 where the
volume under the colored portion of the plot has probability

1—a.
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95% and 97.46794% HPD Intervals (ahpd,bhpd) and (a1 ,b1)
— Gamma(3,1)
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Figure 8: 100(1 — «)'/2% Individual HPD Intervals (a1, b;), (ag, b2).
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Joint Probability f(k1 ’7‘2)
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Figure 9: 100(1 — «)% Simultaneous Interval {(a1,b1), (az2,b2)}.
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